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Synopsis:Thestabilitiesofthetime-delaysystemsdescribedbystatevectordiffer-
endal-differenceequationsarediscussedinViewofNyquiststabilitycriterionandmul-
tidimensionalsystemstheory.First,anintermediaterealizationsystemisintroduced,
andthepremultiplicationofthelea(lingblocksubmaロixofthissystembyablockdiag-
onaltime-delaymat亘xisdone.Stabilityoftime-delaysystemscanbecheckedbyplot-
tingtheeigenlociofthetheresultingmaUix.Thestabilityindependentofdelay(i.o.
d、)oftime-delaysystemscanbecheckedbyinvestigatingthesロictlybounded鵬a1
(SBR)con(五tionofthismatrixinsteadofplotdngtheeigenlociofthismaロix.SBR
conditiongivesconservativesufficientconditionsofstabilityi.o.d.fbrtime-delay
systems,whichcanbeimprovedbyinロoducingrealrationalsimilaritytransfbmation
maロ元ces.Itisalsoshownthanhefirstorderscalartransferfunctionswhichareloss-
lessbOundedrealindependentofdelay(LBRi.o.d.)arealwayspossibletode亘ve
realcoefficientsminimalrealizationsystems.But,ifthetransferfunctionsamLBRde-
pendemondelay(LBR(1.o.d.)itisimpossibletoderiveminimalrealizationsystems
withoutusingcomplexcoefficients,systems.
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1.Introduction
R㏄entlythe民searchesofstabilityanalysisofmulddimensionalsystems,including
N-Ddisc鵬te-timesystemsandbothcommensurateandnon-commensuratedme-delay
systems,viaLyapunovapproach【1】一【5】havebeenreceivinganinci℃asingattentiρnin
thea祀aofdigitalsignalprocessingandcontrohheory.Unliketheone-dimensional
systems,incaseofmultidimensionalsystemsdescribedbyRoessermOdel,itis㎞own
thattheexistenceofablock(hagonalpositivedefinitesolutiontoama垣xLyapunov
equadonimpliesonlythesufficientconditionfbrthestabilityofthesystem.Especially
fbrtime-delaysystemstheexistenceofapositivedefinitesolutiontoamixed-typema-
t亘xLyapunovequationgivesthesuffTicientconditionofthestability,socanedstability
independentofdelay(i.o.∋.Theposidvedefinitesolutiontothemixed-typemaロix
Lyapunovequatione杣fandonlyifaninterrnediaterealizationsystemderivedfrom
R㏄ssermodelstateequationisstrictlyboundedrea1(SBR)[1】{3].
InthispaperwetakeNyquistapproachtodiscussthestabilityoftime-delaysys-
tems.Aswellknown,NyquiststabilitycriterionisaclassicgraphicalmethOdbasedon
thep加cipleofarguments.Asap爬1iminarystep,weinロoducesocalledintemediate
realizationsystemsfi℃magivenstatespacedifferentia1-(lifferenceequationfortime-
delaysystem,andpremultiplytheleadingblocksubmatrixofthissystembyablock
diagonaltime-delaymat取.Stabilityoftime-delaysystemscanbecheckedbyplotting
alltheeigenlocioftheresultingma口元x.Theleadingblocksubmaロixofintermediate
肥alizationsystem,whichisaIealrationalmaロixofs,issametothematrixconside鵡d
inthestabilityanalysisofmultidimensionalsystemsViaLyapunovapprr)ach【1】{3].In
Lyapunovapproachthemagnitudeofthenormofthisblockleadingsubmatrixhas
beenplayingasignificantroletoderivesufficientconditionforstabilityi.o.d.oftime-
delaysystems.Theeigenlociof由eproductoftheblockdiagonaltime-delaymatrixand
theleadingblocksubmanixofintermediaterealizationsystembringusfarrichand
comprehensivegeometricinformationaboutthegainmarginandthephasemarginof
timedelaysystems.Hencefromtheseeigenloci,itispossibletoderivesharpersuffi-
cientand!ornecessaryandsufficientconditionsfbrbothstabilityi.o.d. ndstab lity
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d・p・・dent…te1・y,(db..d.)・fdme-d・1・y・・y・t・m・血 加 ・・i・g・ lym・ぬ ・・ml・
'addi!ionsinceeigenlociincludebOthgain
.andphaseinformationitprovidesusmost
pOwerfulvisualexplanationonthediffe】rencebetweenthedefinitionsofstabilityi.o、
d.andstabilityd。o.d.oftime-delaysystems.
Thepaperisorgan立edasfbllows。.Insectionll'weintrOduce・thestateequationsfbr
time-delaysystemswhichareusedbyAgathoklisandFoda[3]andwepresemsome
usefulexpressionsWhighUnkthestateequa亘onsandtheassociated仕ansferfUnction
ma由x.Especially也esignific{mceof由eintemediate民aliza直onsystemsfbragiven
mu1U(五mensionalstateequationandthesimilaritytransformationof由eintemediate
realizationsystemsbyrealradonalfuncdonmat亘ces[5】isstressed.InsectionIIIsta-
bility・亘t・亘・nf・・dm・d・1・y・y・t・m・bh・edg・g・n・・alizedNyq・i・t・t・bility・漬t・亘・・
r8jisstated.Ins㏄tionIV,sgmecriteriafbrthestabiUtyi.o.d.oftime-delaysystems
aregiven,which鵬basedo紬emaximumeigenvaluQandthen6rmofarealrational
maロixofjωandehdω.Inthesechteria,SBRpropertyofthemaロix,obtainedf氏)mthe
premultiplicationoftheleadingblocksubmatrikofahintermediaterealizationsystem
bycorrespondingblock(liagonaltime-delaymal亘x,
.playsanimportantrole,andthe
pl℃K)fsofthesecriteriaaredone㎞)ugh廿legraphicalconskkハrationsoftheeigen1㏄iof
thisiT}atriX.Someofthesecriteriaareidendcal.totheIesultsderivedviaLyapunov
approach{1]{3]whenthesimilarirytransfotmationmanix・todleintemediaterealiza－
目onsystemislimitedto.constant(not托alra加nalfUncdonofs.)nonsingularb1㏄kdi-.
agonalmaロices.Insec丘onV,twqnume亘calcxamplesofthetime-delaysystems
whicharestabled.o.d.areshown.TheNyquistloci'illustrateusclearlythattheseex'
amplescannotbestablei.o.d..Inthefinalsectionwedlscusstheminimalre'alization
problemofthetime-delaysystemswhosetransferfunctionsaref玩storderscalartrans－
色rfUnctionswithrespecttobothsandehs.Oneislosslessboundedreali.o.d.(LBR
i.o.d.)andanotherisIosslessboundedreald.・o.d.(LBRd.o.d.).Incaseofthe
firstorderscalartransferfunc亘onwhichisLBRi.o.d.,weshowthatapplyingI℃al
rationalsimilaritytransform'ationtotheintermediaterealizationofagiventransfer
function,italWaysbecomespOssibletoderivearealcoefficientsminimalrealization.
ButifthefirstorderscalartransferfunctionisLBRd. .d.thecorrespondingmini1naI
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realizationsystembecomescomplexcoefficientsystem,andifwedesirerealcoeffi-
cientsrealizationsystemtheMcMillandegreeofwhich.becomeshighertharithatof
complexcoethcientSminimalrealizationsystern.
II.StateSpaceModelandTransferFunctions
AsthCstatespacerepresentadonsfbrnon-commensuratetime-delaysystemswe
-usethefollowinggeneralizedRoessermodel[3][9]:
Xl(t+h1)
x2(t+h2)
…
XN」1(t+hN_1)
岳 ・M・)
y(t)=C
=A
x1(t)'
x2(t)
…
x桐(t)
XN(t)
x1(t)
x2(t)
…
XN-1(t)
XN(t)
+Du(t)
+Bu(t)
(1)
wherethecoefficientmaロicesA,B,C,andDaretheappropriatelypanitionedblock
matricesofapPropriatedimensions.Theparametershi(1≦i≦N)in(1)arethepOsi-
tiverealnumbersexpressingtime-delays.When(1)denotesanon-commensurate
time-delaysystemhi(1≦i≦N)arenotintegerprOponional,andwhen(1)denotesa
commensuratetime-delaysystemit'issufficienttoconsideronlythecaseN=2.The
transferfunctionoftheabovesystemisgivenby'
H(ehls,ehab,・・㌔ehN-1s,s)=D+C【A(s)-A]-1B(2)
,
where
A(s)=【eh・sll㊥eh2sl2㊥… ㊥eh・-1slN.1㊥slN]
・[A11(・)㊥・1・]
,・ 』(3)
A11(、)=【。・1sI1㊥・・2sl2㊥_㊥e剛N.1】(4).
NowaccordingtothepartitionofA(s)wepartition由ecOefficientmatricesA,B,
andCas
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A・[恕 無1・B・[書;]・C・[CIC・!(5)
whe元Allc・ πcsp・ndst・A11(s)andA剛c・ 鵬sp・ndSt・slN.Then出e廿ans允r血nc-
dOnH(ehls,eh・・,…,eh・-1s,S)iSrew亘nenaS'
H(ehls,ehzs,…,eh・-1・,s)
・D・[CIC・][A118こ'11
sI:三州]一顧
三M剛(・)・MN1(・)[A11(・)-Mll(・)]一'M1。(・)
,(6)
where
M(・)一[瓢 ㍑8}
・[6;1Cl・[駕引[・IN-A嗣一1[ANIB・!(7)
Weassumedlat也epair(AlN,ANN)iscompletelyobselvableand由epair(ANN,AN1)
iscompletelycontrollable;i.e.,the亘ghtsideof
M11(・)=A11+AIN[sIN-ANIi]-1ANI己(8)
isaminimalrealizationofM11(s).Wecall{M11(s),MIN(s),MN1(s),MNN(s)},or
simplyM(s),anintemediaterealizationofH(ehls,ehab,…,ehN-1s,s)withrespec"o
ehis【5].TheintemediaterealizadonofH(ehls,eh2s,…,ehN-1s,s)showsusthatthe
tmnsfbrfUnctionH(ehls,eh2s,・・.・,ehN-1s,s)canbe陀alizedasinFig.1.
WhenexpressingthetransferfunctionH(ehls,eh2s,…,ehN-1s,s)intemsofthe
coefficientmatrices{A,B,C,D},itsexpressionisnotunique.Toagivenrealization
of.anin佗mlediate鴨alizaUonM(s)wemaycaπyoutsimUarity仕ansfbma直onbyan
AI}(、)
M(s)
M11(s)MIN(s)
MN1(s)MNN(s)
Fig.1.RealizationofH(ehis,eh7s,…,`ehN-is,s)using
intemediate翻izationM(s).
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arbitrarilyconstantnohsingularmatrixTNifn㏄essary.Asaresultwehaveanotherパ　へ
equivalentrealization{A,B,C,D}ofH(ehis,ehが,…,ehN-is,s),where
a-[
T款N1劃 ・§一同 ・e・[CIC・r
Likewisetoanintermediaterealization{Mll(s),MIN(s),MN1(s),MNN(s)}of
H(ehls,eh2s,…,ehN-isls)wemaydosimilaritytransformationbyanappropriately
pa】rtitionednonsingularblockdiagonalrealrationalfunctionmatriXTn(s)suchthat
T言(・)A11(・)Tn(・)・All(・).(9)'
BythisrealrationalsimilaritytransfomiationtheintermediaterealizationsystemM(s)
changesto
菰・)・蕊 蕊]'
－I l「1[聯 撚1[T11(s)111
'
・ 螺1焉1(s)T㌔)B1]
蕊NTN][岬 卵T・P[写1ANIT11(・)・T盲1B・]
一 ζ1:]・[念][・iN－翻 一1[λNlfi。](10)
　
ThenreplacingM(s)withtheaboveM(s) ,generalrealizatiOnof
H(ehls,eh2s,…,ehN-1s,s)isgivenby
H(ehls,ehが,…,ehN-ls,s)
一輪(・)・MNI(・)[A11(・)-Ml・1(、)]-1Ml。(、)
-D・[a,a・][A11(・)㊥・ふ 一[;溺r[訂(11)
～
[
[T11(s)
[T
・[T
[
Weshouldnotehe肥dlattheMcMillan(ヒg佗esofM(s)andM(s)肛enotnecess{irily
equa1[10].Itdependsonthechoiceofasimilarity汀ansfbmationmarixT11(s)
whe血・・也eMcMil1・nd・9n・・fM(s)inc・ease・qecre・・e…d㏄sn・tchang・ 加mthat
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ofo亘ginalM(s)110】[11].IftheMcMiUan.deg元esqfM(s)and漸(s){iredifferentANNバ
andANrgbecomethematricesofdifferentdimensions,whe元asAlland](11arealways
thematricesofequaldimensionsandthe廿dimensionsa民inva亘antunderabovere泊
mdOn品Similality皿nsf(mnatiOn.
Inmultidimensionalsystemstheory,unlikethecaseofonedimensionalsystems
theory,itisimpOssibleto.r latearbitrarytWominimalrealizationsofthesametransfer
functiononlybyconstantsiTpilaritytran.sformationmauices【5].Thisiswhywehave
⑩in舳cerealrationalsimilaritytransforrnationmatriXTn(s)to由eintermediatereal-
izationofagiventransferfunction.ThusT11(§)playsanimpOrtantrolenotonlytode－
旦veaminimalstatespacerealizationsofH(ehls,ehが,り・,ehN-1s,s),butalsotoderive
otherpossibleequivalentminimalrealizationswhichcannotbedenvedbyconstant
nonsingularsimilaritytransformationinatrices.
III・S伍bmtyConditionsofTime・1)elaySystems ,
Inthissectionwepresentgeneralresults.L∋t
M11(s)=A11+AIN[sIN-ANN]-1AN1=N(s)D(s)-1
Mll(・)・Xll+λ,。[、i。.iim]LiiiN1.蒋(、)D(、)-1～咀berightcoprimematrixfractionaldescriptionofMn(s)andM11(s),respectively.
Hence"
detD(s)=det[sIN-ANN]
de・i}i(・)・dc・[・iN・斌"
ThenthecharacteristicpOlynomialofthe尊me-delaysystemin(1).denotedby
c(ehls,eh2s,・一 ehN-1s,s),isgivenby
・(・hls…2S・… ・・… ・)・d・]A118こご11
.、ぷ]
…{[Allrこ:11
sぷ][11[slN-ANN]-IANIgN]}
・d・[A11(s):M11(s㌦:訂
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-d・・Al1(・)de・[11一ぷ(、)M11(,)]、le,[,IN-AN。]
・-d・ ・A11(・)det[11一品(、)N(、)D(,)-1]de,[,1。.ANN]
・d・・A11(・)de・[D(・)一ぷ(、)N(、)]
.・(12)
Sin㏄
detAn(s)≠Oin・Re[s]≧O
thestabilityof由etime-delaysystemin'(1)isdeterminedbythezerosof
de・[D(・)一・Ail(・)N(・)].th。輌w。 。b、。i。th。,。11。Wi。9、、。 ,em.
Theorem1∫6ノ∫フ7:'`'
Time-delaysystemin(1)isstableifandonlyif
(i)d。・{D(、).パ(、)N(、)1.・inR。[、]≧。 ・ 、(13)
InTheoremlifwereplaceM11(s)=N(s)D(s)-1by莇n(s)=蒋(s)f5(s)-iTheorem
lb㏄Omesthestabihtytheommtothecharacte亘sticpolynomia1
6(・hls…2S・… ・hN-ls・・)・d・・[A1皇;三11
s蕊 ぷ]
・d・・A11(・)de・[1、-ATI(・)Ml1(,)]d。t[、瓢.細
.
Sin㏄
T言(・)A11(・)T11(・)=λ、i(・)
and .,・.
de・[11一届(,)Mll(、)]。d。,[11.Ail(、)Mll(、)].
itfollowsthat
U(eh…eh・… ・ehN-1s・・).de・[・iN－梱(14)
c(ehls,ehab,…,ehN-is,s)det[slN-ANN]
N・・d・・A;、[Aτ1(・)M11(・)]den・,。、h。i－血 ・genv泣。,、6fぷ(、)Mn(,)、。b。,、。g
multiplicities.Thenweobtain
det[11-Ai1(,)Mll(、)「. .
-fii(1.λ、[Ai1(,)M11(,)])
i=1.
一・let[11一頑 ・)N(・)D(・)-1]-de・[£il)蕊慧(・)](15)
Theab…9・pressi・・tell・u・也 tthec・・diti・・(i)i・Th…emlh・1d・ifand・・1yif
thenegativefeedbacksysteminFig.2isstable.・
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－M11(s)
一1
A11(s)
Fig.2.Negativefeedbacksystemstabilityofwhichguarant㏄s
thestabilityoftime-delaysystemin(1).
CombininggeneralizedNyquistcriterion[8]andtheabovediscussionwecanobtain
theequivalentexpressiontoTheoτemlasfbllows.
丁乃εoアεη82:・
LetusconstructtheNyquistpath瓦。。asinFig.3sothatM11(s)isanalydconN。。,
wherei泣。。includesω=±j◎ .LetRidenotethenumber(notnecessa亘lyaninteger)
indicatingthenetencirclementsof(-1+jO)inthe・⊆ountercl㏄kwisesensebythe
・・g・nl㏄・・一λ、[Ai1(N..)M11(瓦..)/1・ca・e・h・…g・nl㏄・ en・rcl・・(-1・j・)・・
theclockwisesenseweassumethatRi<0.LetPdenotethenumberofzerosof
det[sIN-ANN]countingmultiplicitiesinRe【s工≧0.Thentime-delaysystemin(1)is
stablelfandonlyif
(、)・.llL.、,w・,_i,也,由men、i。。 ・品(・)M11(・).
i=1
ProofofTheoアem2:
rm・pm・f・ 臨 ・・em2i・imrP・由 ・・e丘・m・h・p加cip1・・f紅9・men・加dgene「al-
izedNyquiststabilitycriterion[8].ConsidertheclosedNyquistpathN。。inFig.3.
Sin㏄
d・[£　)諜;(・)Ld ・・[11一ぷ(・)N(・)D(・)-11
。d,、[1,-Ail(、)M11(、)]
の
it刷 。w、 丘。mth・pdncip1・Of・・g・ment出・tifP=ΣR・w・ ・btai・
i=1'
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det[D(、).Alk、)N(、)].Oi。R,[,】≧0・
Therefore
、(e・・s,,・・,_,eh・-1s,、)-d・A11(、)d,t[D(,)-Ail(,)N(、)].・i。R。[,]≧0
,
namelythetime-delaysystemin(1)isstable.
C・nv・rs・lyifth・tim・-del・y・y・t・min(1)isst・bl・,ffOmth・principl・・f ・9・ment
の
w・ ・bt・inP=ΣR・bytr・velingN..inFig.3.Th・・ef。,w。 。bt。inTh,。,em2.
.i=1
Remark:
(a)lnactualapplicationoftheabovethcoremitsuffTicestoconsidersufficientlylarge
fi・it・radi・S・1・・edNyq・i・tp・th.
(b)Funhermoresince
M。。1x、[AI1(,)M11(,)]、AG(、5Mll(,)、Ai1(,)11Ml1(、)ll
=exp[-min{hi}Re[s]]llMll(s)llinRe[s]≧0
,
itissufficienttoconsideronlytheO≦Re【s】≦'σpartoftheNyquistpathN。。
(seeFig.3.),whereσisafinitenonnegativerealnumbeisuchthat
(・)O・出,Nyq。i,・p、hNA元}(、)M11(、)]
eXistsstrictlywithintheunitcircleanddoes・notconcerntheencirclementof(-1+jO).
Thismeansthauhetime-delaysystemunderconsiderationhasnopolesin
σ ≦Re[s】≦+◎ ◎.
(d)1・也・、・。・,men・。fTh,。r,m2wecan卿lace由。、,ml,λ、[A三10ω)M11⑩)]・by
・λ
、[Ail⑩)漸11Gω)]・1.B㏄。u、e、i。ceTfii(・)AI{(・)T11(・)-A王}(・)i,句ll。w、、h、,
λ、[Ail(、)M11(,)].λ、[T-1(、)ぷ(、)M11(、)T(、)]
一 λ、[Ai1(,)T-1(、)M11(、)T(、)]
一 λ、[Aτ1(、)Mll(,)].
NextwederivethesufficientconditionforthestabilityfromTheorem2.
・≧'09艦)II・ ・f・ ・IIM,,(・・)ll≧1
σ=Ootherwise
-
..i。σ ≦R・ 【・]≦…,heeig,。1㏄ 。、.X、[
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Im【S]
●
+joo
1・ 一
一 ` N。。
N。。 `
`
× 8
lR・[・]=σ
`
' `
8
`
0 `σ
`
一
十α
▲
l
I
1
`
(× ``－
N。。
▲
I
I
`
－
N。。
`
・ '
－Joo 一一
Re【s]
Fig.3.TheclosedNyquistpqthN.。withinfiniteradius:"×"denotes.thejωaxis
.Po1…fM11(・).σi・a師 ・en・nneg・ti・ereal・・mbe・・u・h也・両 ・11M1、(。・)ll≧・1
σ・109辮)ll・ ・,・th-・・eσ一α
丁力ω アem3:
Thetime-delaysystemin(1)isstable正
(i)M11(s)isstable,namelydet[sIN-ANN]isaHurwitzpolynomial.
(ii)Maxλ、[AilO…)M11⑩)]・lf。,.… ω<+・ ・.『 「'
Proof()fTheore〃3:
Thec・ndi・i・(ii)i・Th…em3mean・・h・Nyq・i・・1・i－λ、[Ail(瓦..)M11(瓦..)]
neverencircle(-1+jO).HencebyTheorem2theconditions(i)and(ii)guaranteethe
stabilityofthetime-delaysystemin(1).
Remark:
InTheorem3ifM110ω)isablockdiagonalHermitematrixsuch由at
Ail(s)M11(S)=M11(S)Ai1(S)(16)
wehave
Maxl・x、[A∫loω)Mlloω)ll.llATIoω)Mlloω)11。llMlloω)ll(17)
,
133
明治大学科学技術研究所紀要30r8}:1991
wh・r・lllli・th・m・Uixn・mi・d・edfr・mE・clid・ect・rn・m.1・thj・ca・ewecan
replaceapartofthestatementincondition(ii)ofTheorem3Withmoresimpleexpres-
SiOnSaSfOllOWS:
t,Max1λ
、[Aτ10ω)M110ω)]1.1f。,一...ω<+..・
⇒"11M,,ijco)ll<1fbr-。。<ω<+。 。 ・
.
H・w・ ・e・ifMnqul)i・anH・mit・㎞ ・t・i・i・f611・w・th・tth・di・g…land・・n- i、g。nal
element『ofM11(s)arerealconstantsorunstable.InthelattercasewecannotapPly
Theorem3toM11(s)becausethecondition(i)inTheorem3isunsatisfied.
Theoremland2aregeneralresultsconcerningthestabilityoftime-delaysystem
(1).Whenapplyingtheseresultstopracticalexample,ofcourse,wen㏄dtheaidsof
・・mp…r.・n・rd・ ・…alcul・…heeigenvalu,、一 λ[A∫10ω)M110ω 元]andpl。,the
eigenlociofthemweneedago(xdcomputerinstalledwithg(x)dsoftwaies.
1"thene・t・ぬ ・・w・di・cussth・uffi・ient・・nditi…f…t・bilitywhi・harem・re
easytocheck,namelythestabilityconditionsi.o.d.fbrtime-delaysystems.
IV.StabilityConditionIndependentofDe]ay
Inthissectionwe(∬scussthestabilityi.o.(1fbrthedme-delaysystemin(1).
Firstw・由 ・cussth・necessary・・n由d・…fthr・t・bilityi…d・ ・fthetim・d・1・y
systemin(1).
Tゐeore〃34こ
Ifthedme-delaysystemin(1)isstablei.o.d.thefbllowingconditionsalways
hold:
(i)M11(s)is. table.
(ii)M.IX、[M11⑩)]1・lf。,.。 ・・ ω<+・ 。・
Remark:
Thecondition(ii)inTheorem4impliestha"heNyquistlociof－λi[M110ω)]
neverencircle-1+jO.ThedifferencebetweenTheorem3andTheorem4canbe
fbundinthesecondcondition.Theorem3givesthesu栢cient'conditionsfbrthetimθ一
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delaysystemin(1)tobestableundersomefixeddelayshi,inwhichthecondition(ii)
i、元城 ⑩ 血。bl。ckdi、g。。』 ㎞,-d。1。ym。・iXAII(・).O曲・・出・・h狙d,th・・元m
4givesthenecessaryconditionsforthe直me-delaysystemin(1)tobestablei.o.d.
underarbitrarilydelay(independentofdelayhi),inwhichthecondition(ii)isinde-
Pe。den・。f也,bl。ckdi、g。・altim,-d・1・ym・血A元}(・).
ProofofTheore〃14二
Weprt)veTheorem4bycon仕adiction.Suppose也atdme-delaysystem(1)isstable
i、o.d.despitethatthesecondcondition(ii)inTheo肥m4d㏄snothold,i.e.,
lA.、[Mlloω)]1≧1品・s・m・i飢面 出・interval・・、.j≦ω ≦ ω・,j.1.
Sincewemayconsiderarbitrarydelayshi,letusa(巧ustalldelaysas
h1=h2=…=hN_1=h>0
,
wherethevalueofhisdeterminedlater.Thenwehave
lλ、品oω)Mlloω)]LI・ →・・eq[Mlloω)]1
・1λ、[M110ω)]1≧1㎞.。m。i皿d・ ・m・m佗画 ・ω・,j≦ω ≦ ω・,j.1.
Letuschooseni,janarbitrarysufficientlylargepositiveintegerwhichislargerthanP,
・hen・mb…f・n・ 伍b1・zer…f也t[・IN-A剛] ,anddet・mi・Cd・1・yh…h・t
h。2・i,・π 一[a・g{λ・[Mlli」….・1)]}-a・g{λ・[MllO・…i)]}].。
ωi,j+1一ωi,j
Then、h,Nyq面、,1。ci-)L,、[AllOω)M110ω)],nci・cl。,-1・j・inc1㏄㎞i・en・,j・im・・
(ni,j>P)intheinterva1【(Di,j,ωi,j+1],whichcontradictstothestabilitycondidonin
Theorem2.Hencethecondition(ii)inTheorem4mustalwaysholdif由etime-delay
systemin(1)isstable土o.d..NextweshowthatM11(s)isstableifthetime-delay
system(1)isstablei.o.d..Letussetdelayhiash1=h2=…=hN-1=h>O
again.ThenitfbllowSfk)mthecondition(ii),whichwehavejustprovednow,that
lλ、[A詰oω)Mlloω)11」・→・・λ、[M11⑩)]1
・1λ 、[M11⑩)]1・1f。 ・ 一 。。 ・ ω ・ ・ 。。.
T、、,impli,、,h。t、h。Nyq。・、,1㏄・-X、[A∫10ω)Mii9・・)}d・e・n・tenc・rc1・-1・j・.
Sincethetime-delaysystem(i)isstableitfollowsfromTheorem2thatMn(s)issta－
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ble(det[slN-ANN]≠OinRe[s]≧0) ,whichgivestheremainedcondition(i)in
Theorem4.
IfM11(s)isascalarfuncdonthesecondcondidon(ii)inThcorem4canberewri.t-
k》nas
(ii)IM110ω)klfbr-◎ 。<ω 〈+◎◎'・
andtheconditionsinTheorem4becomenecessaryandsufficientconditionsfbr6me-
delaysystemin(1)tobestableiro.d.
FromTheorem3intheprevioussectionandNyquiststabilitycriterionweimmedi-
atelyobtainthenextsufficientconditionfbrthestabilityi.o.d.oftime-delaysystem
in(1).
Theore〃35∫31ご
Thetime-delaysystemin(1)isstablei.o.d.if
(i)M11(s)isastrictlybOundedreal(SBR)mat亘x.
ThedefinitionsandlemmasfbrBRandSBRmatricesa鵬asfbllows.
1)ePt「nitionげ」θRルfα'η'ces∫14α,bl
M11(s)iscaUedbounded鵬alif
(i)M11(s)isanalydc'inRe[s]≧0.
(ii)11-M『1(一・)M11(・)≧Oi・R・[・]≧0.
RegardingSBRma由cesuniquedefinitionhasnotbeenestablishedyetI1]一[3],
[14a,b].Weshow出edefinitionsofthefollowingthreetypes:
DeLtinit輌onOfSBR〃atricesfT>peA,Typeβ,andTypeC)
M11(s)isSBRifthef()110wingtwoconditionshold:
TypeA∫1ノー∫31ご
(i)M11(s)isanaly目cinRe【s]≧0.
(蛤)M11(s－ ε)isBRfbrsomeε>OandI1-MT1(ゴ ◎。)MO6。)>0.
7ンμ β ご
(i)M11(s)isanalydcinRe【s】≧0.
(iB)M11(s－ε)isBRfbrsomeε>0.
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巧少ε 仁"
(i)M11(s)isanalydcinRe【s]≧0.
(iic)11-MT,(ヨω)MOω)>oforallfmiteto.
Rembrk:
Thecondition(i)iscommonfbrallthreetypesSBRmatrices.Inthepaperof
A・d・・… 頷dAg・ 也 ・kU・et・1.[1H3】血 ・d・負・iti・n・fT〕rp・Ai・・蜘t・ 磁 ・cuss血・
stabiHtyi.o.d.oftime-delaysystemsin(1)viaLyapunovappmach.
IfM11(s)isaSBRmatriXofTypeBorC,clearly
I1-ATIAI1≧0
0ntheotherhandIfM11(s)isaSBRmatrixofTypeA[IH3]Ml1(s)mustsadsfy
stdcthlequaHty 、
11-ATiAli>0.
TherelationsamongabOvethieetypesofSBRmaUicesare
TypeA⊆TypeB⊆TypeC .(18)
M・・e・v・・,ifl1-Mr1(－J◎o)MO・・ ・oT四,Ai・eq日i。al,n・t。Typ。c.B。・Typ。c
d㏄snotn㏄essarilyimplyTypeBorTypeA.Therelatedsimilardiscussionrega】rding
strictlyposiUve民almaロixandstrictlypOsitivereallemmacanbefoundintherecent
paperof】V【ita【2Q],.
5βR・Lεη2η3α(∫brπ∀ρεAdhd7ンpeβ ♪∫14α,b1:
Let
M11(s)=A11+AIN[sIN-ANN]-1AN1=N(s)D(s)-1
be・mi・imalreal蜘…fM11(・)・wh・eN(・)D(・)一'i・aright・・p亘m・m・面 恥 ・目・・
descrip亘onofM11(s).ThenM11(s)isaSBRmatrix(ofTypeA,TypeB)ifandonly
ifthereexistpositivedefiniteSymmetricmatricesPN>OandQN>OandmatricesL11
(Lllmust洗 ・・1・m・f・llm・k㊤・T)「p・A)andL・N・・rh血 ・t
Ai(llPN・⌒ 一一[割T[劃 一"(19。)
・・AM=一[全1:1Tほヨ(19b)
1」;剖T[;川 一・
.(19・)
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SincetheproofoftheabovelemmaissimilartothatofBRLemmain【14a,b]we
omitithere.
Remark:
TheabovesetofequationsareequivalenttothefollowingmixedtypeLyapunov
equatlon:
A・Pa・1+P…A・A・p1・ ・A-pl・・=-L・L-[01㊥(副(20)
,
where
P・・1・[Ol㊥P。],P1…[ll㊥O。],L・[L11,L1。] .(21)、!
Thesimilarresulttothisexpressionhasalreadybeenshownin[5】.Theabovelemma
impliesthatM11(s)isSBRofTypeAorBifandonlyifthefollowingG(s),
G(・)一[剃・
[M11(s甲(s))]
AIN
LIN
Qkf2
[slN-ANN]・"IANI
==1ミ131D(・)-1(22)
,
where
ψ(・)・L(・)D(・)-1-[L61]・[罐][・IN-A嗣」AN1
,(23)
isLosslessBoundedReal[5].ForTypeCthecondition(加>Oisnotanecessary
condition.TheSBRlemmafbrTypeChasnotbeendevelopedyet.Howeverthesimi-
1ardetailed(五scussionincaseofstrictlypositive鵡almaロicescanbefbundinthere-
centpaperofMitaI20].Finallywenote中ecommonproper目estoallthreetypesof
SBRmat亘cesM11(s).
CommonProperties如SBRハ イatrices
LetM11(s)=N(s)D(s)-ibearightcoprimematrixfractiondescriptionofaSBR
matrixMn(s)ofTypeA,TypeB,orTypeCThenitfbllowsthat
(i)‖M110ω 川<1fbrallfini陀 ω(notn㏄essarilyatω=± 。。).
(ii)D(-s)TD(s)-N(-s)TN(s)=L(_s)TL(s),wheredetD(s)≠OinRels]≧Oand
L(-jω)TL(1ω)>Ofbr-◎o≦ω ≦+◎o.
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ThethelastsロictinequalitywithrespecttoL(1ω)inthecondition(ii)impliesthat
L(jω)iscolumnfullrankfbr-◎o≦ω ≦+◎o.
,AbOvetwoconditions(i),(il)arethenecessaryandsuffiCientconditionsforMn(s)
tobeaSBRmatrixofTypeC,butarenotsufficientconditionsforSBRmatricesof
TypeBorTypeA.
Lεη3η3α1ご
IfM11(s)isaSBRm麺xofanyoneof血:eetypesitfollowsthat
de・[DOω).ぷ0ω)NOω)1.Of。,.・・≦ω ≦.・・
Pτα ～fofLemma1:
LetxobeanarbitrarUyvectorsuchthatllxol卜=1.Thensince
`
D(「}ω)TD(1ω)-N(ヨω)TN(1ω)=L(-」ω)TLOω)>Ofbr-o◎ ≦ ω ≦+◎o(24)
itfbllows丘om垣gonom頭cinequa血yfbrv㏄tornom由at
ll[D⑩).ぷoω)Noω)1.。11≧llD⑩)。。ll.llAil⑩)N⑩).。ll
=llD(」ω)Xoll-llN(ゆ)Xoll
=llLOω)・c。ll>0飴・ 一 。。 ≦ ω ≦+。。(25)
,
whichprovesLemma1.
NowwegobacktotheproofofTheorem5.
ProofofTheore〃15:
IfM11(s)isSBRitfollowsffOmitsdefinitionthat
I-MT,(rJtO)Ml1Gω)・Of・allfmit・ω ,
whichimplies
llM11(jω)ll<1fbrallfiniteω..
Ontheotherhanditfollowsfナomthegeneralrelationbetweenthemaximumeigenvalue
ofmatricesanditSmatrixnorm也at
M孤1λ、[A加M11⑩)]、1隔oω)M11⑩)11
=llM11(」ω)ll.
Hencew,h、。,M欲1λ 、[A三10ω)M11⑩)]1≦llM11⑩)ll.1f。,allfi。i,。ωin-
dependentofdelayhi・Since$BRma垣xM11(s)isstableitfbUows伽mLemmaland
Theo肥m3tha"hetime-delaysystemin(1)isstablei.o.d.
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Remark:
Inthep1℃ofofTheorem5weusedthefbllowingtwoimplica目ons
"M
11(s)isSBR⇒llM110ω 川 く1"
and
・llM
110ω)ll・1⇒Max1X、[A;1ωM11⑩)l
HoweveritshouldbenotedthatthereverseoftheS.econdimplication
・llM
110ω)ll≧1⇒Max1X、[A]10ω)M110ω)1
<1"
・
≧1t'
d㏄snotn㏄essarilyholdexceptthecasethatM11(s)isascalarf皿ction.Sowecan
notjudgedlatthedme-delaysystemin(1)isnotstablei.o.d.onlybecausethat
M11(s)isnotaSBRmatrix.Thesimilar賠suhshavebeen元ponedinthepaperofthe
stabilityanalysisof2-DandN-Ddiscrete-timesystemsviaLyapunovapproach[1]一
[31.
Coro〃αη'oTみ εoγε〃15:
IfM11(s)isascalarfunctiontheconditioninTheoremsbecomesnecessaryand
sufficientconditionfbrtime-delaysystemin(1)tobestablei.o.d..
ProofofCoro〃αy:
Iftime-delaysystemin(1)isstablei.o.d.andM11(s)isascalarrealrationalfunc.
tionitfollowsfromTheorem4that
Malx、[Ml1⑩)]1・IMu(、)1・11M110ω)ll・1品,allfi。i,,ω
,
whichimpliesthatM11(s)isascalarSBRfunction.Hencethesufficientcondidonin
Theoremsisalsodhenecessaryconditionfortime-delaysystemin(1)tobestablei.o.
d.whenM11(s)isascalarfunction.
Nexttheoremisanimp】rovedversionofTheorem5
7カeorem6ご
Thedmeイ1elaysystemin(1)isstablei.o.d.if由efbllowingconditionshold.
(i)M11(s)isstable. 　
(ii)ThereexistablockdiagonalrealrationalmatrixT11(s)suchthatM11(s)is
SBR.
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Pro(ゾofTheore〃16:
'SinC・ w・canmak・Mll(・)SBRw・havel1MiiO'a))‖・1.A・d
副 λ、隔0ω)M11⑩)}1・MaxlX、[Ai10、、)MiiO、。)}1
・ll屈oω)MiiO、D)旧IM,,⑩)11.
C・mbi・i・g・h・・e民・ul・・w・h・・eMmlλ 、[ぷ ⑩)MllOω)]1・1i。d,p。den,。・
delayhi.ThensinceM11(s)isstableitfollowsfromTheorem3tha"hetime-delay
systemin(1)isstablei.o.dl
Theo肥m6isageneralizadonoftheresultsofAndersonandAgathoklis団一[3].In
the廿paperT11(s)isrestrictedtobeblockdiagonalnonsingularconstantmaロi㏄s.The
problemofexistenceoftherealrationalmat亘xT11(s)satisfyingtheconditionin
Theorem6andhowtogetsuchaTl1(s)belongtotheprobleminsystemtheolyover
rings[12][13].
ExampletoTheorem6
Considerthesystem{A,B,C,D}ofEq.(1)givenby
A-[恕無1一
0
0.25
0.25
0
0.25
0.25
0.25
0
0.25
0
B・[:k・]－
C=[CICN]=[0.250. 5
?
?
_1
0
0
0
0.25
0.25
0
0.25
k-3
-2
0.
-2
0
?
?
?
?
?
?
?
?
?
?
0.-2-k] ,D・0,
whe】re
k>1,
A11-[。95
AN1-[li:
;:Z9],AIN・[
・i5]
,ANN=[言
?
ー
?
?
??
?
?
?
?
??
?
0
一2
0
ー
?
?
?
?
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Notehatthepair(AIN・ANN)iscompletelyobservableandthepair(ANN,AN1)is
completelycontrollableexceptforpartjcularvaluesofk..ThencorrespOndinginterme-
diaterealizationM(s)isgivenby
M(・)一[を∵ 宅1・「智
一[鵠 .㍑81
?
?
l
s+1
工
S+k
S
s+k
1[・IN-ANN]-1[ANIB・]
s+k-1
s+2
⊥
s+2
⊥
s+2
1
s十1
出
s+k
⊥
s+k
where
-)一[一]　 一〉「
⊥
S+l
S+1
s+k
T・theabO・・M11(・)也 ・制 ・wi・gtlfree。1aim、h。ld.
α α輌m1:
Thesystemunderconsiderationisstablei.6.d.
Maxlλ、[Alloω)M11⑩)}1・1.
Claim2:
ThereisnoconstantnonsingularmaUixTsatisfying
llT二IMngto)Tll<l
ifkissufficientlylargepositivenumber.
Claim3こ
s糞11
,narnelyMii(s)isstableand.
(26)
(27)
Th・祀isa劇md・ ・al…9i・g・larm・垣 ・T・1(・)・atisfyi・911Mii⑩)ll<1,wh・・eり り
M11(s)=T11(s)-1M11(s)T11(s)andM11(s)isstable.
Pro(ゾ{ゾαoi〃11二
Let
㏄ 、[λ11.A]1(,)M11(、)1。λ2+αλ.β
,
where
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A11(、)・[ehls
eh2sl
The曲eeig・汕e・ ・fA寸(・)M11(・)ar・gi・enby
ト 号・ ㌣ 一β,
where
α=一}(⊂hls詮 「・ ・山2s吉)
β+イh1+h2)s{吉 士 －E-;t-II-il-!-i,'i,}t-±t,).
Therefo民∬Re【s]≧Oweob皿nthat
Iα1・麦・1β1・金
and
(28)
1λ、1・[妾1・
whichpmvesClaim1.
」ProofofClai'〃12:
1寄2+1β1<0.6453
,
(29)
Assumethat由ereexistsanonsingularmat亘xTsuchthat
llT-1M110ω)TII・1
0reqUivalently
I1.{T-1M11(ヨω)T}TT-1M11⑩)T・0 .
Theaboveexpressionisequivalenttothatthereexistsapositivedefinitemat亘x
P=(T-1)TT-1>Osuchthat
P-M11(-」 ω)TPM11⑩)>0 ,
wherewithoutlossofgenemlitywecanassume【1】that
・・[p㍑1・ 堀 ・1Pnl.
Letω=Otoob面n
P-M1100)TpM1100)
=⊥
16
(k-1)215-(k-1)p12-P22
4
-1・(k_116-
2k)P12
一1・(k_116-
2k)P12
16P詰
>0(30)
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Si。ce砺 ・1P・21,i,f。ll。w,ftOmth,di、g。。al。1。men,、6ftheabO。,m、ni.th。・
士 ・砺 ・昔(31)■ ふ
Ontheotherhandatω=+ooweobtain
P-M11(-j・・) pM11("j・・)・吉[1撫;,15;;:当;12]・ ・.(32)
Ag曲 伽m価>1Pi21.dth・di・g・nal・1・m・nts・ftheabo・em・t・i・w・h・v・
}・堀 ・4.・(33)
ClearlythesetwoinequaHdesconceming砺contradictifksatisfiesk≧51,which
provesClaim2.
ProofofClai,〃13:
Let
T11(s)ニ
s+k
s+1
0
?
? (34)
ThenthesimilartransformationofM(s)byT11(s)gives
5h(・)一[T":)-1
・認
?
??
1]M(・)[
:慧::]
・t'
吉
T11(s)
0 :1
(s+k-1)(s+1)
(s+2)(s+k)
S
s+2
⊥
s+2
1
s+k
S+1
s+k
⊥
s'+k
(35)
where
ili11(・)一〉
1
s+1
1
(s+k-1)(s+1)
(s+2)(s+k)
S
s+2
(36)
N…h・ ・e・h…b・ ・lu・e・lue・f…ry・1・ment・fM(・)andMn(・)i・less・h・nhi・
m・g・it・d・i・R・[・】≧0.H・nceth・di・g・nal・1・ment・ fth・H・mit・mtitrice・
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Il-Ml1(-j・D)TMIIG・D)ahdl-fＬi(ヨω)T⑭ 』 ・m・p・・iti・enumbers1・・g・th-K
孤 ・ 藷 ・・m・ 即 ・m・・,・e・輌 ・1y.A・d由eab・・1… 曲e・ ・f由en・n-d・・g・na1・1e－
men…fl1-Mll(一」ω)TMII@)andl・-Mn(ヨω)T漸110ω)眠less出anl加d音i・
magn汕de,respecdvely.ThenitfollowsfromGershgo亘n'stheoremandtheproper-
ti…fH・mi・ ・m・ ・rice・th・t・11・igenv・1・…fl1-Mll(づ ω)TiVi11(j・D)・nd
I-M(ヨω)'illoco)・・ep ・iti・・.Thi、p,。。,,th。・11M,,⑩)ll・1'andllili(jcD)11・1
氏)r-◎o≦ ω ≦+◎◎.Theτefo口Claim3isvalid.
Remark:
IntheproofoftheC}aim3themdersshouldnotethatMcMillandegreeoforiginal
M(s)is3.Howeverafterthesimilartransformationbyrealrationaltransferfunctionり
ma垣xT11(s)theMcMillandegreeofM(s)became4(notethattheMcMillandegree
withrespecttQthepOles=-khaschangedf士omlto2).HepCe,thistime,s垣ctlyエ
boundedrealnessofMll(s)hasbeenestablishedatthesacrificeoftheincreaseof
McMillandegreebyone.OfcoursealtemadveT11(s)mayexistfbrwhichthe　
McMUlandeg爬eofM(s)doesnotbecomehigherthanthatoforiginalM(s).Inorderto
sea1℃hsuchaTIl(s),wehavetodiscussthesystemtheolyoverrings[12][13]butwe
dOnotdiscuSsfurtherhele.ヤ
V.Time・DelaySystemsStableDependentonDelay
Thestabilityconditionsi.o.d.presentedintheprevioussecdonares1了ongsuffi-
cientcon(五tionsforthestabilityOfthetime-delaysystemin(1)andgivingconservative
stabilityconditions.Ifwe爬adcalefullyagaintheconditionsinTheorem2weseethat
theleisnoneedforMll(s)tobestableortobeSBRfbr也e6me-delaysystem(1)to
bestable.Howeverifthetime-delaysystem(1)isstabledespitethatM11(s)is皿sta-
bleornotSBR,9itfbllows丘omTheorem4thatthevaluesofdelayhiin也etime-delay
system(1)cannotbearbitrary,andhihavetotakeparticularvaluessothatNyquist
likestabilitycqnditionsinTheorem2hold.
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?
?
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、
??〔?〜
?
?
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? Re
Fig.4.Nyq。i、,1㏄i。f。fE.㎝pl,1,th,1。ci。f.A三10ω)M110ω).e-h」ω
・ 漂 … ㎞h・ α・(black・ne)加dh-・(9r・yli・・)
whe鵬0≦ ω<十 ◎◎.
IncaseofscalarM11(s)wepresentssomeillustrativeexamplesofthetime-delay
systemswhicharestabled.o.d..
Examplel
Considerthecharacteristicpolynomial
c(ehs,s)=(ehs+0.5)(s-0.5)+2.25.
Wehave
-Ail(・)M11(・)・e-hs×鷲
り
A・[㌶156
.St・A12A21--2・25.
NotethatMn(s)isnotstableandllMn(」ω川>1forsometo.Fig.4showsthe
Nyq・i・t1・ci・f-A11⑩)Ml1・Gω)f・・h・0.4(blackline)・ndh-0(9r・yline)
whereO≦ ω<+oo.Byinspection・andfromTheorem2weconcludethatc(ehs,s)is
stableatleastforO≦h≦0.4.Fromthisresultitcanbesaidthatc(ehs,s)ofEx-
amplelisstableifthevalueofdelayh(>0)issufficientlysma11.
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工m
2・'
一
,● ● 、 、■''、 =
'
'
'
'
'
亭'
、
㌘長`●`.`;
-3→2-11
、
、 プ
1
2
、
一
、、'、 一 一 一'-1' .
一2・ .
一3・・
Re
Fig.5.Nyq。i、tl。、i。fE。ampl,2,∩ 。1。、i。f.AIIOa))MllOdi).,-hjω
0.25(jω)2-O.125jω+0.25
×
⑩)・+・.1j、 。.・.1fo'h=7・0(blackline)
andh=0(grayline)whe】reO≦ω<+◎o.
Exa励ple2.
Considerthecharacteristicpolynomial
c(ehs,s)=ehs(s2+0.1s+0.1)+(0.25s2-0.125s+α25)
Wehave
.Ai1(、)M11(、).e-・・×0・25s2-0・125s+0・25
s2十 〇.ls－ト0.1.
NotethatM11(s)isstablebutllMiiQ'to)1・1>1fbrsomeω.ThereforeMii(s)isnot
.SBR.1・Fig.5th・Nyq・i・t1・ci・f-A]10ω)M110ω)f・・h・7(blackline)・・dh・
0(grayline)areshown;whereO≦ω 〈+◎ 。.Whenh=7.OtheNyquis"㏄usof
-AiliＬul)M110ω)d。e↓。 teh、i,、1。.1・j・H・。ce・f。11。w,fr。mT…rPm・由 ・
c(ehs,s)isstable.Howeverc(ehs,s)isunstablewhenh=ObecausetheNyquist
l㏄usof-A寸0ω)M11(jω)encircles-1+jOdespiteM11(s)isstable.Fromthisre-
sultitcanbesaidthatc(ehs,s)ofthisexampleisstableifthevalueofdelayh>Ois
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intheneighborhoodof7.0.ItiseasytoseefromFig.5thatc(ehs,s)becomes皿－
stableifthevalueofdelayh(>0)istoosmallortoolarge.
Theillustratedexamplesaiequitesimpleones.However丘omthesetwoexamplesit
iseasytoseethateveninhighorderandcomplexcase,theNyquist1㏄iof
X、[Ai10・、。)MllOtU)]give・・POw・血lme・n・ …heck・h・ ・t・bili・yd.・.d.・fhme-
delaysystems.
VLRealCoefficientMinimalRealizationsofLosslessBoundedReal
Time・1)elaySystems
Inthissectionwediscusstherealizationproblemofthetime-delaysystems
whichislosslessboundedrealindependentofdelay(LBRi.o.d.)andlossless
bOundedrealdepend6ntondelay(LBRd.o.(工).
Let
ehSc(e-hs,-s)H(
ehs,S)=
C(ehs,S)
。 一 ・-alehss+・ ・+・hsa・(37)
ehss+als+a2ehs+a3,
where
C(♂ ・,S)=eh・S+a1S+a2eh・+a3 .
Ifc(ehs,s)isstabled.o.d.thenH(ehs,s)isstableallpassd.o.d.andwecall
aboveH(ehs,s)asLBRd.o.d.、Byinspecdonwehave
(a子一1)s2+(a菱 一 弓)
H(・・…)=一 …1』圭a3+
。、、(遷a3(38)
S十a2 .
th・r・f・rew・・b劇h・f・ll・wi・gi・t・m輌e噺迦 ・nM(・)㎞H(・hs・・)・
M(・)・[2;18莞;81
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alS十a3
S十a2
1
(a?-1)s2+(弓－aき)
(s+a2)2
-alS十a3
S十a2
(39)
Wen・止血・・d・M11(・)・1三1;・C1　1yM・Mil1皿'』
.・f輌(・)i・1・・∩en・
farasweusetheaboveM(s),thematrixA22whichappearsinthematrix
A-[編 膓1…h・・e泣i・a目n・fH(・・…)… ・f(1)』 ・・a・ec・・d
oπieHealsquarematrix.HoweverifthenumeratorofM12(s)Canbefactored.as
M12(,)・.(・}-1)・2‡(・菱一緒).α(・)β(・)(4・)'(s+ai)2(・+a
2)2;
■ ・
wh・元 α(・)加dβ(・)砲 ・・n・迦t・ ・劇 ・・。・mp1・C・e伍den晦t…le・p・1y・ ・mi汕・,
wecan(lecreasetheMcMillandegr㏄ofM(s)tolbythgfolloWingsimila亘tyロansfφr-
mationby元alradonalmatrix.　
.M(s)=T11(s)-lM(s)T11(s)
一[:1:::1:1:::1]一
_』L当
S十a2
β(s)
S十a2
α(s)
S十a2
-alS十a3
(41)
S十a2
where
T11(s)=
β(s)
S十a2
0
0
1
(42)
Ifα(・)・ndβ(・)a・ere・lp・ly・・m alw・b・a・・A22=-a2andA-[ぽ:]be-
comesasecondorderrealsquarematrix.Therefbrethedegreeoftherealizationof
H(ehs,s)dependSonwhetherrealcoefficientsfactorization-
一(a} -1)S2+(a菱 －a彗)=α(S)β(S)・ .
ispossibleorimpossible.'.・ ・.
Bysimplecalculationweobtainthenexttheorems.
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The翻c㏄ 価e・t伍ct(垣・a直・n(a子一1)s2+(a菱－a3)=α(s)β(S)
ispossib豆eifandonly迂oneofthefbUowingtwoconditionsholds.
(i)lall≦1andla21≧la310raltematively.
(ii)lalI≧1a皿dla21≦la31.
Theorem8'
M11(;)一…1誌a3i・SBR・fand・lyif'
(i)lall≦』1anda2>la31.
CombiningTheorem5,Theorem8andtheρon《五tion(i)inTheofem7,itfbllows
thatifH(ehs,s)isLBRi.o.d.thenM11(s)isSBRandIealcoe伍cientsminimal
iealizationofH(ehs,s)withrespectt6bothsandehsgisalwaシspossible.Thecon-
verseistrue.ThisresultcorrespondStothetealcoefficientsminimalrealiza直onsof
価rstolder2-Ddiscrete-timeall-passscalarfUnctionsstudiedbyGanapathy,Reddy,et
a1.【15】[16],andMatsumoto[19].Generalalgo亘thmofminimalrealizaUonof丘me-
delayLBRi.o.d.mat亘Cesand(Uscrete-time2-DLBRmatricesisstudied,respec-
dvely・
.byY・u1・ロ7]and.K・mm・π[18]・、
OntheotherhandifH(ehs,s)isLBRd.o.d.M11(s)isnotSBRandM11(s)
breakstheconditioninTheorem7butsatisfiestheconditionsinTheorem2forsomeh
>0.Foraninstancethec㏄fficientsofM11(s)inExamplelare.
a1=0・5,`a2=一 〇・5,a3=2 .(43)
Thesec㏄fficientsdonotsatisfythefactorizableconditionswith】realc㏄fficientsin
Theorem7andSBRc6ndidonforMll(§)inTheorem8.Insuchacase'itisimpbssible
toobtainarealcoefficientsminimalrealizationofthecorrespondingfustorderscalar
LBRd.o.d.functionH(ehs,s),whichisminimalwith祀specttothedeg祀eofboth
sandehs.Theminima1爬alizationofsuchaH(ehs,s)b㏄omesacomplexc㏄ffi-
cientssystem.Thisresultshallbeeasilyextendedtohighordertransferfunctionmanix
H(ehls,eh2s,…,ehN-1s,s)ofmulti-inputmuhi-outputdme-delaysystemwhichis
LBRd.o.d..
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VII.Conclusion
Wehavediscussedthestabiliryoftime-delaysystems(tesc亘bedby出es輪vector
直fferential-differenceequationsinViewofNyquiststabilitycriterionandmul直dimen-
sionalsystemstheory.Tochecいhestabiliryoftime-delaysystems,也eeigenvaluesof
由 ・m・ 血Aili」 ・・)M110ω)P1。y加im輌 ・ml,.th,、tabilityi.。.d.、輌 h,、ked
byusingthema垣xnomllM11⑩)llinsteadof《kawingtheNyquistlociof
λ、[AllOω)M11⑩)].H。w,v,曲,佗、。1ゆ,、 出ec。。、erv、dve,,abili,y、。。画 。。 .
BecauseaswestatedinThcorem6andtheremayexistarealrationalsimilarirytrans-
f㎜ ・d・nm・血T11(・)・ad・fyi・911Mn⑩)ll<1fb・一 。。<ω<+。 。・・eni軸eca・e
也atllM11⑩)lI≧1fbrsomeω,whereMn(s)=T11(s)-1M11(s)T11(s).Wehave
shownthatthef廿sto】rdertransferfunctionH(ehs,s),whichisLBRi.o.d.,isa1-
wayspossibletode亘veaminimalrealizadonWithonlyrealcoefficients.Howeverif
H(ehs,s)isLBRd.o.d.minimaliealizationbecomescomplexcoefficientssystems,
andifwedes加arealcoefficientsrealizationitbecomesanon-minimalrealization
system.
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